Total compressibility in a fractured reservoir is estimated using the pressure response due to gravitational potential variations. Both the lunar and the solar gravitational potentials are fully accounted for by inclusion of longer-period components. The semidiurnal and diurnal pressure data show substantial long-term variations. The gravitational potential also contains the same variation trend: the ratio between the potential and pressure has a fairly uniform value over successive cycles. The computed total compressibility is also fairly constant and independent of the cycle.
Introduction
Pressure test data taken with modern, high-resolution gauges often show small, but easily observable, pressure variations, with a definite periodic behavior. These periodic fluctuations appear to occur on a semidiurnal time scale ͑repeating every half day͒. In addition, other variations with similar, but longer periods, such as diurnal ͑daily͒, may also be evident. The origin of the sinusoidal variation in reservoir pressure observed in well test data is the coincident periodic variation in the gravitational potential imposed on the Earth by the moon and the sun. The potential variations are coupled to the reservoir pressure pulsations through the Earth's tide. The Earth's tide is similar to the more familiar and readily observable ocean tide. Both are similar manifestations of the same phenomenon, in which the free surface of a body seeks a surface of constant potential of the imposed gravitational field in order to minimize potential energy. Observations of these pressure perturbations can provide estimates of reservoir fluid and petrophysical properties, because they couple the pressure response to the potential variation. Typically, there are two parameters that can be estimated in this way. These are the total compressibility-porosity product and the mobility of the fluid within the pores. The former is related to the amplitude of the pressure response, and the latter to the phase lag. If the pressure data are of good quality, and the tidally induced variations are distinct, correspondence between the gravitational potential driving force and the associated response should be clear enough to make estimates with reasonable confidence.
This study uses a data set from a fractured oil-bearing formation with a clear semidiurnal signal that is well above both the noise and trend threshold, providing an ideal opportunity to test the tidal analysis theory.
There are three tasks that are required in order to use the pressure variation data to estimate bulk reservoir properties. First, an expression for the gravitational potential due to the most important sources, the moon and the sun, must be obtained. Although this has been done previously in the literature, it is not in a form suitable for the current analysis, for reasons that will be examined in more detail later. Furthermore, it is desirable to show the derivation in a form that is sufficiently selfcontained so that it may be used as a basis for independent investigation. Second, the dilatational response as a function of the magnitude of the gravitational potential is required. Unlike the ocean tide, the Earth's tide is restrained by the elastic properties of the solid Earth. Thus, the pressure response to a varying gravitational field is influenced by the constitutive model ͑density, compressibility, and elasticity͒ selected for the interior of the Earth. Third, the dilatation, or compaction, of the Earth near the surface must be related to the observed pressure through the parameters that it is desirable to evaluate. Such relations can take the form of a simple volume balance proportionality, or a complicated time-dependent numerical solution of the flow around the wellbore that must be solved repeatedly and regressed against the observations.
Previous Work
The estimation of reservoir parameters using the pressure due to gravitational potential variations has been undertaken in several contexts in previous investigations. Some of the earliest observations of pore volume changes induced by Earth tides have been made on fluid height variations in an open wellbore. Since this type of measurement does not require sophisticated pressure monitoring equipment, it is straightforward and inexpensive to perform. Bredehoeft 1 presented a comprehensive investigation of the fluid height oscillation in a water reservoir due to pore volume changes. The relation derived between the dilatation and the porosity is valid for the quasisteady state estimation of the porosity from amplitude observations. He has also commented on observations from different locations. Moreland and Donaldson 2 extended the analysis to employ the phase lag to estimate flow parameters from observations of the fluid height as a function of time. They solved the flow equation with constant pressure boundary conditions at the wellbore. The flow into the wellbore caused by the differential compaction of the reservoir results in a phase lag that was studied for various values of the flow parameters.
In petroleum reservoirs, the measured data are usually in the form of the pressure, since the wellbore is closed. In this situation, the gravitationally induced dilatation causes compaction or expansion which results in a uniform increase or decrease in pressure throughout the reservoir. Under quasisteady state conditions, this pressure is the same as that observed at the wellbore. Arditty et al. 3 studied the response of a closed system to periodic variations in the gravitational field generated by the moon, which is the body with the major influence. They only considered the principal semidiurnal and diurnal components of the tidal signal. In addition, they extended Moreland and Donaldson's flow solution for the closed wellbore system to analyze critical frequency ͑equiva-lent to phase lag͒ as influenced by flow parameters. Many of their results were inconclusive, most probably due to poor data quality. In addition, the several smaller, but still important, Earth tide components that were ignored in their comparisons may still have had a substantial influence. This was a major impetus, along with observations from a fractured field, for including all the tidal components in the estimation procedure described in our investigation.
Other studies involving closed reservoir systems included the work of Hanson and Owen, 4 who studied principal fracture orientation through examination of the directional dependence of phase lag between the pressure response and the Earth tide induced dilatation. A principal fracture orientation could be detected by examination of this quantity due to the fact that fluid flow parameters influence the phase lag. Hemala and Balnaves 5 studied the influence of ocean tide effects caused by the local changes in gravitational field brought about by the redistribution of ocean water mass on a periodic basis. They used the principal semidiurnal lunar component of the gravitational potential to estimate compressibility and obtained reasonable agreement with triaxial tests.
In the current study we seek to derive a full ͑multispectral͒ expression for the gravitational forcing potential for both the sun and the moon. This potential is then compared with the observed pressure fluctuations in an observation well from a fractured reservoir to compute the total compressibility of the formation. It was found that by employing the full expression, cycle-to-cycle trends could be explained by the inclusion of the longer-period components, which would otherwise result in a misfit between observation and theory if only a single component forcing function were used.
Data Analysis
Fast Fourier Transform. It is customary when studying a data stream whose key behavior is periodic to examine the data in the frequency domain. This has the advantage of highlighting the major frequency components. In fact, if the desired signal is deeply submerged in noise, filtering over a long period may still be able to extract the dominant spectral component. A 128 K point fast Fourier transform ͑FFT͒ was performed on one pressure record from the observation well, T. The frequency of sampling was 120 hour Ϫ1 , so the time interval was 1,067 hour. A spectral plot of amplitude squared vs. frequency is shown in Fig. 1 . An excerpt of the pressure data, beginning 1,750 hours after the start of the test, in the time domain is shown in Fig. 2 . The periodic behavior of the signal is especially evident in the frequency domain plot, with two clear peaks at frequencies of 0.04 and 0.08 hour Ϫ1 appearing, corresponding to periods of 24 and 12 hours ͑diurnal and semidiurnal͒, respectively. Fig. 1 is the large tail of low frequency noise due to the slow decay of the spectral components excited by the windowing function implicit in the finite extent of the input data in the time domain. Since the window leakage occurs in the region of interest for tidal analysis ͑the diurnal terms, especially͒, it makes the task of estimating the total energy in that range of frequency difficult. Another problem with using the spectral plot to estimate energy in a frequency range is the presence of closely spaced components that are hard to resolve. In fact, resolving them amounts to individually estimating each one's amplitude, frequency and phase. Clearly, fitting this large quantity of parameters is undesirable for the comparatively more modest task of estimating the total spectral energy associated with the two peaks.
Limitations of the FFT. Also evident in
Alternative Methods. As was pointed out by Melchior, 6 there are better ways of regressing against this type of data, such as leastsquares fitting in the time domain. Since the astronomical influences that generate the gravitational potential fluctuations are known with high accuracy, it should not be necessary to fit highresolution amplitude and phase models through the use of Fourier analysis. The information would be redundant, and the procedure would be equivalent to the unnecessary amplification of noise. By imposing the already well-known forcing function on the linear elastic model of the Earth, it should be possible to numerically fit the small number of desired unknowns by means of regression against the computed and actual responses.
Note that this is quite different from simply extracting the dominant semidiurnal spectral component and attempting to fit it to the observed pressure. As is clear from Fig. 2 , there is more than one spectral component, so consequently the fit will be different depending on the time interval over which it is made. Thus, such a fit is only meaningful when many ͑or most͒ of the spectral components are retained in the gravitational potential forcing function. This procedure is similar to the one used for estimating the elasticity response parameters ͑explained in more detail in Appendix B͒ by comparison between theoretical and observed deformation of the Earth's volume, measured with triaxial pendulums, resulting from the Earth's tides.
Comparison between the data and the gravitational potential will be deferred until later in the paper, when a full expression for the latter will be derived.
Single-Component Based Estimates
Limitations. Despite the caveats mentioned in the preceding section, it is still instructive to attempt to estimate the total compressibility through a single component analysis following Arditty et al. 3 This rough calculation will also lay some groundwork for the more accurate analysis presented in the following section. The largest component in the Fourier representation of the combined lunar-solar induced potential is known as M 2 . It arises from approximating the position of the lunar orbit as a mean band of distributed mass centered at the Equator. Deviations from this base term are caused by longer-term variations in the true orbit due to its obliquity as well as to the influence of the sun. The solar contribution is neglected in this preliminary simplified calculation.
Contribution to the Pressure Head. There are actually two avenues by which temporal variations in the gravitational potential can cause corresponding pressure pulsations. The first is by compaction and expansion of the Earth's volume, and the second is by varying the static pressure head.
The second contribution is so small that it is negligible compared to the first. This will be shown by performing a simple calculation. Note that this mechanism does not rely on coupling through the Earth's deformation for a pressure response to be generated. The variation in the field strength caused by the changes in distance between the attracting body and the Earth gives rise to the pressure variations. The pressure head of a stationary fluid column is proportional to g, the gravitational acceleration, so changes in g result in proportional changes in the pressure, p. The total lunar influence comprises a peak-to-peak amplitude variation of approximately 0.17 mgal out of the approximately 980 gal ͑cm/s 2 ͒ from the Earth's field. Therefore, from ⌬pϭh⌬g, the pressure variations induced by this mechanism would be about 10 Ϫ7 times the pressure head, or 0.0001 psi/1,000 psi of original pressure head. Such small pressure perturbations are negligible in comparison to the dilatation-induced amplitude and, therefore, will be ignored for the remainder of this analysis.
Estimates. It is possible to make a rough estimate of the compressibility using only the single tidal component generated by the moon (M 2 ). The dilatation induced by this component was tabulated by Arditty et al. 3 The relation between the dilatation, , and the gravitational potential changes which cause it are quite complex. It is the result of a linear elastic system in which the Earth deforms quasistatically under the influence of a nonuniform gravitational field. Details of this solution are given in Appendix B. This problem was formulated using an Earth constitutive model with radially varying elasticity, density, and compressibility, and was first solved numerically by Takeuchi 7 in 1950. The dilatation induced by M 2 is given as
In other words, the amplitude of the strain would be 0.000 0045% in either direction ͑compaction or expansion͒. The deformation of the reservoir volume is resisted by the rigidity of the pore network and the compressibility of the fluid within it. If the matrix grain compressibility is small compared to that of the pore space, most of the volume change upon deformation will occur in the latter. Therefore, one may write
where f is the porosity, c f is the total compressibility of the pore space, and ⌬p is the change in pressure. Since Arditty et al.'s value of ⌰ was computed as a peak-to-peak value, an estimate of c f would require the peak-to-peak amplitude of the pressure variations. In addition, a value for f is also required. As mentioned in the previous section, it is difficult to estimate the primary component's peak-to-peak variation, because the forcing function is not composed of solely one component. Examinations of a short run of data from the beginning of Fig. 2 shows sequential peak-topeak values of 0.1479, 0.0576, 0.1026, 0.0064, 0.1275, and 0.0635 psi. Clearly, there is no one value for the peak-to-peak variation. Integration of the spectral energy in the semidiurnal bin, on the other hand, yields ⌬p of about 0.25 psi, but this value includes contributions from other closely spaced spectral components and is, therefore, not suitable for comparison with Eq. 1. Using the first estimates, then, in conjunction with a porosity of 0.02, results in values for c f that range from 1.5 to 35 ϫ10 Ϫ5 psi Ϫ1 . ͑Note that the pressure data in Fig. 2 should be detrended for proper compressibility calculations.͒ In the next section, the compressibility estimate will be refined by computing an expression of the potential ͑and, therefore, the dilatation͒ which uses the entire spectrum of lunar and solar components. This driving term will then be compared directly with the pressure signal to resolve some of the concerns raised above.
Total Compressibility
Conventional Methodology. Traditionally, Earth tide analysis has been carried out by separating the time varying potential into a series of pure sinusoidal components. Due to the complexity of the relative orbits of the sun, and especially those of the moon, such a separation results in an infinite number of spectral terms. Then, only the first few terms with the largest amplitudes are selected for use. As shown in Appendix A, which gives a detailed derivation of the full gravitational potential, the terms in the expression involve products of sinusoidal functions of the astronomical longitudes and declinations ͑see Eq. A-8͒. Nonlinear mixing between the components gives a long-term modulation that was evident in the peak values of the pressure data exhibited in Fig. 2 .
The same methodology could be retained in the current exercise. Each of the tabulated harmonic components of the potential could be summed in declining order of importance, until an approximation of satisfactory accuracy could be obtained.
Calculation of the Full Expression for Potential.
For various reasons, it was decided that the full expression for the potential would be used. First, this method is actually somewhat simpler than the multiple component method, since the analytical expression for the potential does not have to be spectrally decomposed, only to be partially reconstructed later on. Furthermore, there are some questions about the validity of some of the expansions, and these inconsistencies can be bypassed by simply retaining the full expression.
In this era of high-speed digital computers, there is less of an advantage to a trade-off taking on algebraic complexity in exchange for simplifications in the data fitting later down the line. The fit between the derived potential and the pressure data should, with the full expression, also be independent of the time interval selected, because all components, even the ones with very long periods, are included. The expression for the potential is computed directly from Newton's law for the gravitational attraction between two masses, and requires the masses and the separation distances ͑the latter being a function of time͒. These quantities are known with a great deal of accuracy, both from astronomical calculations and from observations spanning more than a century. For reference, the expression for V 2 , the first term in the spherical harmonic series of the potential due to a body in relative orbital motion with respect to the Earth, is repeated here ͑see Appendix A͒.
where N D is Doodson's number, an astronomical parameter which depends on the mean separation distance between the moon ͑or the sun͒ and the Earth, as well as their masses. It has units of length 2 /time 2 , the same as potential, with the rest of the expression being dimensionless. c/R is the dimensionless deviation from the mean distance associated with the disturbing body's orbit, ␦ is the declination, the latitude, and 1 the supplementary hour angle ͑or time, with 360°being equivalent to 1 day͒.
It is clear how the complicated, multispectral dependence of the potential on time arises, since the second and third terms, besides containing sinusoidal functions of the basic time, also contain multiple harmonic terms dependent on the declination, which also varies periodically with time. 1 contains an implicit dependence on the longitude. The declination may be computed from the true longitude and ecliptic obliquity associated with the moon or the sun. One value of V 2 is calculated for the moon and one for the sun, and they are added together. Note that although the longitude and latitude of the observation point will be the same, ␦ and 1 will be different between the lunar and solar terms. Addition of the two terms to obtain the full potential is permissible within the scope of this investigation, since the effect of the potential on the dilatation is coupled through a system of linear equations. Therefore, the principle of superposition applies.
Comparison With Pressure Data. The combined lunar-solar potential is computed and plotted along with the pressure data from the observation well T of a fractured reservoir. This fractured reservoir has a negligible matrix porosity, a fracture porosity of around 2%, and a highly undersaturated oil. Based on an extended production period of about 1 year, the total compressibility is calculated to be around 2.5ϫ10 Ϫ5 psia Ϫ1 . Note that the total compressibility is very high compared to oil or water compressibility; the high compressibililty can contribute to substantial recovery under certain conditions. The compressibility calculated from pressure drop of the reservoir is influenced by the estimated amount of fluid in place and is, therefore, subject to uncertainity. Fig. 3 shows the pressure in the observation well for two different tests. Note that during the interval of pressure data from the observation well, oil was produced from the field. The plot shown in Fig. 3a starts 1,600 hours after the beginning of the test ͑1,215, 10/17/96͒, and that in Fig. 3b also starts after 
to be used in the estimation of compressibility because the error may be too large. As we will soon see, the period of low pressure variation can be predicted from the potential calculations. Fig. 4 shows shorter-time data for observation well T. Several features are immediately obvious from these graphs. The first is that the pressure is clearly being driven by the tidal potential. Each time there is a large peak in the potential there follows a large peak in the pressure curve, and vice versa with the small peaks. Closer examination of Fig. 4 shows a longer-term trend in that the largest peak-to-peak difference is slowly decreasing first, then increasing, and then decreasing. This pattern is also matched in the pressure signal. These features illustrate the benefit of using the full expression of the potential rather than an expression limited to a few spectral components, which would obviously show a different fit depending on the time window that the potential and pressure were compared in. A second notable feature is the phase lag evident in the pressure signal. Fig. 4 has had the x axis ͑time͒ shifted by 12 hours to make the comparison between the pressure and potential peaks more clear. Such a lag is a result of a slight deviation from the quasistatic approximation implicit in the compressibility estimate. The wellbore, having a different ͑and lower͒ effective compressibility, must be charged from the surrounding reservoir volume. The mobility of the fluid is sufficiently low that a lag is generated between the pressure and the driving force associated with the potential. The phase lag points to the opportunity of computing fluid mobility (k/) which will be discussed in further detail in the following sections. Fig. 4 can be used to estimate total compressibility in much the same way that the peakto-peak measurements in an earlier section were used. In this case, although the peak-to-peak distance in the pressure profile is seen to vary, the potential also contains the same trend in variation. Thus, the key quantity, which is the ratio between the potential and the pressure, maintains a fairly uniform value over successive cycles. For example, the maximal peak-to-peak difference ͑for the peaks in the middle of the graph in Fig. 4e͒ in the potential curve is approximately 71 000 cm 2 /sec 2 , and the corresponding peak-topeak difference in pressure is 0.167 psi. Using Eq. B-5 in conjunction with Eq. 2,
Estimate of Compressibility. The plots in
where ⌬V 2 is the peak-to-peak difference in the gravitational potential V 2 , ⌬p is the corresponding peak-to-peak difference in pressure, r is the radius of the Earth (rϭ6373.388 km), and g is the acceleration of gravity. Substituting the values of the peak-topeak variations ⌬V 2 and ⌬p yields c f ϭ1.7ϫ10 Ϫ5 psi Ϫ1 which is in fair agreement with the total compressibility estimated from the extended production testing.
It may be demonstrated that this value of the compressibility computed in such a fashion is, to a large part, independent of the time or location of the measurement. Table 1 provides a list of estimates for the compressibility obtained from different times. Times and dates are given in local time, month/day/year format. For the purposes of making these estimates, the data were detrended with a simple linear calculation that equalized the starting and ending pressures of the track. Such a transformation removes the linearly time-dependent portion of the trend. All the values of the compressibility fall into a fairly narrow range from approximately 1.4ϫ10 Ϫ5 to 1.74ϫ10 Ϫ5 psi Ϫ1 . In fact, one estimate of the possible error is based on the decrease in pressure due to the long-term trend in the reservoir of about 0.1 psi/day.
The computations may be extended to use a larger interval of the pressure data by regressing the constant of proportionality between the potential and the pressure. Unfortunately, such a fitting process is complicated by two factors. The first is the afore- mentioned phase lag between the pressure and the potential. A parametric fit for this quantity must also be included in the nonlinear regression as an offset in the time variable. Since the dependence of the astronomical longitudes and declinations on time is fairly complicated, it is difficult to obtain the Hessian matrix of derivatives with respect to regression parameters that is required for a typical Levenberg-Marquardt nonlinear regression. The second factor is the presence of an obvious trend in the pressure data. Superimposed on the tide-induced pressure variations is a longterm pressure decline that is part of the observation well pressure measurement. Using more than a few cycles of pressure data requires that this trend is more effectively removed. These concerns will be addressed in future work in which the estimation of flow parameters will also be included.
Remarks
The current investigation shows that most of the higher frequency features in the pressure data can be explained by the Earth's tide. There is, however, a substantial phase lag. In addition, it is clear that longer-term trends in the pressure data, due to depletion of the reservoir, must be filtered out without overly affecting the desired signal. Note that the potential induced by the Earth's tide varies with a longer-term trend than the diurnal or semidiurnal variations associated with the Earth's rotation. These variations should not be filtered out. They are caused by the slow changes in the declination of the moon due to both its orbit and the indirect influence of the sun on the orbit obliquity. Therefore, there are optimum periods, as well as more favorable locations, for carrying out pressure measurement. These points will be discussed in more detail below.
The pressure data show a phase lag ͑about 12 hours͒ with respect to the potential, as was discussed earlier. This lag arises from the fact that the characteristic time associated with fluid flow around the wellbore is comparable to the semidiurnal time scale over which the most rapid oscillations in the potential take place. The phase lag has a secondary effect on the compressibility estimate. Close examination of comparisons between pressure and potential shows that the ratios between adjacent large and small peaks do not correspond. The reason for this ''blurring'' effect is that the phase lag makes the pressure response not only a function of the current, but also of the immediately preceding values of the potential.
Rather than being a hindrance to the compressibility computation, the phase lag is an avenue for estimating the fluid mobility (k/). This problem has been addressed by Moreland and Donaldson 2 for the case in which the wellbore is at constant pressure. This boundary condition is sufficiently simple that it was possible to obtain an analytic ͑although not closed form͒ solution to the flow equations. The closed boundary, constant-volume problem is significantly more difficult and, although the governing equations are still linear, it may be difficult to obtain analytic solutions to them. A numerically based regression procedure, however, does not require an analytic solution, although computation of the required minimization derivatives becomes much more complicated.
To make an appropriate comparison between the potential and the pressure, it is necessary to remove as much of the trend in the latter that is not a result of the Earth's tide. The standard method for frequency-dependent filtering is to perform it in the frequency domain. A spectral model is constructed for the noise, and a filter is constructed to preferentially attenuate the components that occur in greater proportions in the noise. Of course, if there are noise components that have the same frequency as desirable ones in the data, a filter of this type will attenuate both of them without regard for their source. Future investigations will study the construction of this so-called optimal filter.
One way of approaching the signal-significance problem is suggested by the plots of potential over longer-time periods. The higher frequency potential wave is modulated by a longer-term wave with a characteristic period of several days. This modulation is caused by the declination of the moon in its comparatively slow orbit causing its zenith point to drift closer to the observation site. Clearly, the strongest signal is obtained when the relative lunar trajectory passes most closely to directly overhead of this point. Such a time interval may be computed from astronomical tables or the formulas presented in Appendix A. Also, it is noted that this ''optimal interval'' will also depend on the latitude where the measurements are taken. Therefore, it is prudent to review the time interval over which the pressure measurements are carried out, with consideration of the test's location.
Conclusions
The analysis of the well pressure data shows that it is possible to make compressibility estimates if the measurements are of sufficiently high quality. In this case, the resolution was high enough so that the tidally driven sinusoidal variations were clearly visible. Also, as shown by the temporal plots, the noise, or scatter, in the data was well below the signal strength. These criteria can be attained with modern high-quality crystal strain devices. In addition, the location of the reservoir is sufficiently close to the Equator (Ϸ40°) that the potential varies with a significant span. Finally, low fracture porosity, in conjunction with a high total compressibility, insured a strong pressure signal. It was shown that, although a decent estimate of the compressibility could not be obtained by comparing the cyclical variation of the pressure with the dominant harmonic component of the Earth's tide, a good estimate could be made by admitting the full expression for the lunar-solar gravitational potential, since the former could be off by a large factor, depending on the time interval on which it was computed. The clear presence of a phase lag in the pressure data shows promise for use towards estimating flow parameters such as fluid mobility (k/), in the reservoir. An analysis of that will be carried out in the future.
Nomenclature c ϭ mean distance from the center of the Earth to the center of the disturbing body ͑without a subscript the disturbing body is the moon, with a subscript the disturbing body is the sun͒, cm c f ϭ total compressibility of the pore space, psi 
͑A-2͒
The disturbing body can be the moon ͑see Fig. A-1͒ or the sun. When both the sun and moon are considered, the total potential is given by VϭV m ϩV s , where V m is the lunar tide potential and V s is the solar tide potential. Simple addition of these potentials suffices, since the equation determining the dilatational response is linear, and the principle of superposition applies. In the triangle of Fig. A-1 , l 2 ϭR 2 ϩr 2 Ϫ2rR cos . Combining the expansion of this expression and noting that r/RϷ1/60 for the moon and r/RϷ1/23600 for the sun, with Eq. A-2,
͑A-3͒
Using the definition of Doodson's number,
where c is the mean distance from the center of the Earth to the center of the disturbing body,
͑A-5͒
From this point on, the presentation will specifically deal with the moon as the disturbing body. The corresponding procedure for the sun is much simpler, due to the fact that its orbit follows the ecliptic.
The contribution of the first term to V in Eq. A-5 is denoted by V 2 ,
.
͑A-6͒
The second term is denoted by V 3 . Since V 3 is smaller than V 2 by a factor of approximately the radius of the Earth to the separation distance, it is about 1/45 the size of V 2 for the moon, and even smaller for the sun. Eq. A-6 is still somewhat inconvenient to use because depends both on the observation point P and the position of the moon. It is desirable to separate this dependency by transformation into geocentric spherical coordinates. Such a transformation may be accomplished using the fundamental formula of the position triangle of spherical geometry, 8 cos ϭsin sin ␦ϩcos cos ␦ cos͑ 1 Ϫ180°͒.
͑A-7͒
The coordinates are shown in Fig. A-2 . In this new coordinate system, Eq. A-6 becomes
Ϫsin
The first term gives the long-period excitation, and the second and third terms give the diurnal and semidiurnal excitations, respectively. The declination ͑latitude of the zenith point͒ is denoted by ␦, is the latitude, and 1 Ϫ180°is the hour angle in the celestial sphere of the moon. Evaluation of this expression requires the location of the observation point ͑latitude and longitude͒, as well as the time ͑date͒. The remainder of Appendix A shows how (c/R) 3 , ␦, and 1 are calculated.
The Earth-moon distance varies with a period approximately equal to that of the lunar orbit and is given by Brown's model: 
͑A-9͒
The quantities s, p, and h are angles associated with various astronomical motions and are given at the end of Appendix A in terms of time.
The declination, ␦, has a fairly complex dependency on the above quantities, since the lunar orbit does not quite follow the ecliptic. In order to explain the computation of the lunar declination, it is helpful to study the simpler situation in which the orbit follows the ecliptic. This computation is directly applicable for analyzing the solar orbit and, with the addition of another spherical triangle, will be used for the lunar orbit. The simplified diagram is shown in Fig. A-3 . The spherical triangle is made up of the Equator, the meridian through the zenith point, and the lunar orbit. Application of Eq. A-7 yields cos ␣ cos ␦ϭcos s 1 .
͑A-10͒
Note that, in this equation, with s 1 replaced by h 1 , the true solar longitude is directly applicable to the computation of the gravitational potential due to the sun. For the effect of the moon, however, the deviation of the lunar orbit from the ecliptic must be accounted for, and consequently the simple spherical triangle shown in Fig. A-3 must be modified accordingly. The true lunar longitude is not measured directly from the spring equinox. Instead, s 1 is measured first to the intersection of the upper transit of the moon with the ecliptic, then along the lunar orbit. This is shown in Fig. A-4 where NЈ is defined as the angle from the lunar upper transit intersection to the ecliptic intersection with the intersection of the zenith point meridian and the ecliptic.
There are two triangles formed by the lunar and solar trajectories:
cos ␦Ј cos ␣ϭcos͑NϩNЈ͒
͑A-11͒
for the lower one, and cos͑␦Ϫ␦Ј͒cos ␣ϭcos͑s 1 ϪN ͒, ͑A-12͒
for the upper one. There is one additional equation from the ecliptic triangle:
sin ␦Јϭsin sin͑NϩNЈ͒.
͑A-13͒
The above three equations give the three unknowns ␣, NЈ, and ␦Ј.
To solve these equations, first the computation must be performed along the lunar orbit, followed by the simple analog ͑as alluded to previously͒ along the ecliptic. Specifically, the numerical computation of NЈ, from Eq. A-11, must be made differently in each of the four quadrants of s 1 ϪN. 
͑A-14͒
Once NЈ has been obtained, ␣ may be calculated based on the standard ecliptic relations, Eqs. A-10 and A-11. Since is known, ␦Ј may be eliminated. It is known that ␦ЈϽ90°, so Eq. A-11 may be inverted immediately without regard for the quadrant. Then, Eq. A-10 is solved in exactly the same way as above, with the different forms for each quadrant. By using conditional statements, this procedure may readily be coded as a computer program.
Note that the upper triangle in Fig. A-4 does not lie alongside the zenith point meridian precisely. Therefore, ␦ is not quite equal to ␦Јϩ␤. Nonetheless, the resulting computation will give a value of ␣ accurate to within a few degrees compared to NASA lunar observations. 10 The maximum error occurs at angles furthest from the compass points ͑0, 90, 180, and 270°͒, and it is not cumulative. It is possible to do an exact trigonometric computation, but the equations are nonlinear and therefore require a numerical iterative solution. The approximate computation above was considered to be accurate enough for the current purposes.
The hour angle ͑or supplementary hour angle, 1 ͒ may be computed from the following expression: Fig. A-4 -The two spherical triangles formed by the Equator, the ecliptic, and the lunar orbit. ␤ is the declination of the lunar orbit with respect to the ecliptic, N is the angle between the spring equinox and the ascending intersection between the lunar orbit and the ecliptic, and ␥ is the spring equlnox.
͑A-15͒
where 0 is the Greenwich sidereal time, L is the longitude east from the reference meridian, and ␣ is the right ascension computed from the spherical triangles. The sidereal time is simply the stellar longitude, which differs from the solar time by 1 day in a year due to the Earth's orbit around the sun. This quantity is obtained from a program which starts at a fixed reference and uses the relation 1 sidereal dayϭ0.997 270 solar days.
The analogous computation for the sun is identical, with the exception of the spherical triangle computation of ␦ and ␣. In this case, the single triangle expression given by Eq. A-13 may be applied to the spherical triangle generated by the Equator, the ecliptic, and their connecting meridian. The resulting expression is sin ␦ϭsin sin h 1 ,
͑A-16͒
which provides ␦ directly from the quantities, due to the fact that the sun's orbit follows the ecliptic. With ␦, ␣ may be obtained ␤ϭ308Ј sin͑sϪN ͒ϩ17Ј sin͑2sϪpϪN ͒Ϫ17Ј sin͑ pϪN ͒ ϩ10Ј sin͓͑2͑sϪh ͒Ϫ͑ sϪN ͔͒ ϩ . . . , declination from ecliptic.
Appendix B: The Dilatational Response of the Earth to a Nonuniform Gravitational Field
In the presence of a gravitational potential given by V 2 in Eq. A-6, the Earth becomes distorted into a prolate spheroid whose long axis points toward the moon ͑or the sun͒. An exaggerated diagram showing this effect is given in Fig. B-1 . In order to relate the gravitational potential to a pressure change observed in the reservoir, it is necessary to obtain the resulting strain of the Earth's volume. 9 The key component of the strain is the isotropic volume change ͑volumetric strain͒, or dilatation, denoted by ⌰. The dilatation is simply the trace of the strain matrix,
where is the normal strain along the appropriate spherical axes. The normal stresses are related to normal strains. In an isotropic medium, the radial stress rr is given by rr ϭ 1 ϩ2 2 rr . The parameters 1 and 2 are the Lamé modulus and the shear modulus, respectively. They are a measure of elasticity and rigidity. Similar relations for and hold. The radial stress at the surface of the Earth is zero, rr ϭ 1 ϩ2 2 rr ϭ0.
͑B-2͒
Therefore, at ͑or near͒ the surface of the Earth, ⌰ϭ ͩ 2 2 1 ϩ2 2 ͪ ͑ ϩ ͒.
͑B-3͒
The strains are related to the displacement u. In spherical coordinates, 
͑B-4͒
One can write the equations of motion relating displacement to gravity potential V 2 and normal stresses. Three parameters, 1 , 2 , and ͑Earth's density͒, appear in the equations of motion. The first solution computed using a realistic Earth model was carried out numerically by Takeuchi. 7 The Earth model hypothesized a compressible but nonrigid core ͑from the observation that seismic S, or shear waves, do not propagate through the Earth's core͒ with density given by Bullen 11 of 12.284 ͑1Ϫ0.640 14 2 ͒, in units of g/cm 3 , with ϭthe dimensionless distance from the center of the Earth, varying from 0 to 1. Between the core boundary and the surface of the Earth, the constitutive properties of the Earth were considered to vary as a function of radius, with several distinct regions with linear variations of the properties within each. Table B-1 gives the density, , the Lamé constant, 1 , and the shear modulus, 2 , as a function of . The constants 1 and 2 are estimated from velocities of P and S seismic waves. The tabulated data show a discontinuity at 500 km. Note that 1 and 2 are given in cgs units times 10
12 .
The solution with these parameters results in 
